Abstract: Educational issues of Proportional, Integral (PI) and Proportional, Integral, and Derivative (PID) type controller design in undergraduate course on control, graduate course on control, advanced control topics are discussed. The main attention is devoted to multi-time-scale control systems where PI PID type controllers designed for nonlinear systems in the presence of plant parameter variations and unknown external disturbances based on application of singular perturbation technique which guarantees desired output transient performance.
INTRODUCTION
It is a common knowledge that Proportional, Integral (PI) and Proportional, Integral, and Derivative (PID) controllers are most extensively used in industry (Astrom and Murray (2011) , O'Dwyer (2009), Morari and Zafiriou (1999) ). However the recent control engineering curricula usually pay more and more attention to rather advanced studies in control theory than practical control applications. Therefore, there is an obvious gap between content of control engineering curricula and requirements of control applications. This gap gives a pulse to decrease of student motivation in control engineering study. The problems of bridging the gap between theory and practice in control were discussed, for instance, by Bernstein (1999) and Velázquez (2010) . From practicing control engineers point of view there is need for satisfactory control theory that gives a possibility for realization of high-performance systems with demand strict performance requirements as was discussed by Joshi (1999) . Whereas the significance and ubiquity of PI-PID controllers in practice, state-ofthe-art capability of the modern control theory should be aimed at development of clear and simple design procedures for PI and PID type controllers. In spite of PID controller structure simplicity (Astrom and Murray (2011) ), the problem of appropriate controller parameter tuning is the subject for advanced study of numerous researchers (O'Dwyer (2009) ).
Conventional PI-PID controllers usually allow us to get satisfactory control performance in case when dynamical processes of plants are well described by simple dynamic model of the first or second order. The efficacy of PI-PID controllers vastly falls in case of complicated dynamics, nonlinearities, and varying parameters of the plant. The problem of PI-PID controllers design for nonlinear timevarying plants under uncertainties is one of particular interest for real-time control applications where control systems usually should be designed so as to provide the following objectives: (i) robust zero steady-state error of the reference input realization; (ii) desired output performance specifications such as overshoot, settling time, and system type of reference model for desired output behavior; (iii) insensitivity of the output transient behavior with respect to unknown external disturbances and varying parameters of the system. The paper is organized as follows. At the beginning, some educational issues of PI-PID type controllers design in undergraduate course on control, graduate course on control, advanced control topics are discussed. Then the main attention is devoted to multi-time-scale control systems. In particular, educational issues of PI-PID type controllers design for nonlinear systems in the presence of plant parameter variations and unknown external disturbances are highlighted based on application of singular perturbation technique which guarantees desired transient performances.
PI-PID CONTROLLERS

Issues of the Basic First Level Course
Consideration of an ideal PID controller
where e(t) is the control error, is the part of basic first level course on Automatic Control Systems. The effects of proportional, integral, and derivative actions can be discussed at the beginning, for simplicity, based on numerical simulation results. Then the basic equations of feedback control system are usually derived with emphasis on steady-state error and effect of integral action on the closed-loop system. The application of Final Value Theorem and the notion of the system type are discussed. The dynamical properties of feedback control systems with ideal PID controller can be easily highlighted in terms of Bode plots. It is important to point out the problem of PID control implementation based on filtered derivative. Finally, it is useful to discuss few PI and PID tuning rules that are widely used in practice (Ziegler and Nichols (1942) , O'Dwyer (2009)).
Issues of the First Level Graduate Course
In the first level graduate course, the problems of PI-PID controllers design are discussed based on state-space description of linear control systems, where the state of the plant is augmented with the extra (integral) state as was discussed, for instance by Franklin et al. (2006) . The parameters of the augmented state-feedback law with integral control are calculated in accordance with the desired pole locations of the augmented closed-loop system characteristic equation. Finally, as integral control generalization, the robust tracking problem and disturbancerejection control are highlighted based on the internal model principle.
Issues of Advanced Control Topics
Advanced study of PI and PID controllers design can be devoted to tuning rules (Åström and Hägglund (1995) ; O'Dwyer (2009)), identification and adaptation schemes (Li et al. (2006) ) in order to obtain the best PI and PID controllers in accordance with the assigned design objectives. The most recent results have concern with the problem of PI and PID controller design for linear systems. However, various design techniques of integral controllers for nonlinear systems can be included in teaching advanced control topics for nonlinear systems based on the results discussed by Isidori and Byrnes (1990) ; Huang and Rugh (1990) ; Khalil (2000) ; Mahmoud and Khalil (1996) . Realization of PI and PID controllers based on such novel ideas as fuzzy logic and neural network controllers (Mizumoto (1995) ; Chen and Linkens (1998) ; Fadaei and Salahshoor (2008) ), as well as passivity based approach (Talj et al. (2011) ) should be highlighted in advanced control topics.
MULTI-TIME-SCALE CONTROL SYSTEMS
A perspective
The output regulation problem under uncertainties can be successfully solved via such advanced techniques as control systems with sliding motions (Utkin (1992) ; Young andÖzgüner (1999)), control systems with high gain in feedback (Meerov (1965) ; Young et al. (1977) ). A set of examples can be found from mechanical applications and robotics where acceleration feedback control is successfully used (see, for example: Lun et al. (1980) ; Luo et al. (1985) ; Studenny & Belanger (1984) ; Studenny and Belanger (1986) ; Krutko (1988 Krutko ( , 1991 Krutko ( , 1995 ). The generalized approach to nonlinear control system design based on control law with output derivatives and high gain in feedback, where integral action can be incorporated in the controller, is developed as well and one is used effectively under uncertainties (Yurkevich (1995); B lachuta et al. (1997 Yurkevich (2004) ). The distinctive feature of such advanced techniques of control system design is the presence of two-time-scale motions in the closedloop system. Therefore, a singular perturbation method given by (Tikhonov (1948 (Tikhonov ( , 1952 ; Kokotović et al. (1976) ; Saksena et al. (1984) ; Kokotović et al. (1999); Kokotović and Khalil (1986) ; Naidu (2002); Naidu and Calise (2001) ; Naidu (2010 Naidu ( , 2011 ) should be used for analysis of closedloop system properties in such systems.
The discussed below singular perturbation technique gives a possibility to get analytical expressions of PI and PID type controllers parameters in nonlinear systems, where controller parameters depend explicitly on the specifications of the desired output behavior (Yurkevich (2004 (Yurkevich ( , 2011 ).
Nonlinear system with PI controller
Control problem statement: Consider a nonlinear system of the form
where t denotes time, t ∈ [0, ∞), x is the measurable output of the system (2), x ∈ R 1 , u is the control, u ∈ Ω u ⊂ R 1 , w is the vector of unknown bounded external disturbances or varying parameters, w ∈ Ω w ⊂ R l , w(t) ≤ w max < ∞, and w max > 0.
We assume that dw/dt is bounded for all its components,
and that the conditions
are satisfied for all (x, w) ∈ Ω x,w , where f (x, w), g(x, w) are unknown continuous bounded functions of x(t), w(t) on the bounded set Ω x,w andw max > 0, g min > 0,
A control system is being designed so that
where e(t) is an error of the reference input realization, e(t) := r(t) − x(t), r(t) is the reference input. Moreover, the output transients should have the desired performance indices. These transients should not depend on the external disturbances and varying parameters of the system (2).
PI Controller: Consider the problem of control system design given that the functions f (x, w), g(x, w) are unknown and the vector w(t) of bounded external disturbances or varying parameters is unavailable for measurement. In order to reach the required control goal and, as a result, to provide desired dynamical properties of x(t) in the specified region of the state space of the uncertain nonlinear system (2), consider the following control law:
where µ is a small positive parameter. The discussed control law (6) can be expressed in the Laplace domain, that is the structure of the conventional PI controller
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For purposes of numerical simulation or practical implementation, the control law (6) can be represented in the following state-space form:
Two-time-scale Motion Analysis: In accordance with (2) and (6), the equations of the closed-loop system are given by
Substitution of (9) into (10) yields the closed-loop system equations in the form
Since µ is the small positive parameter, the closed-loop system equations (11)- (12) have the standard singular perturbation form. If µ → 0, then fast and slow modes are artificially forced in the system (11)- (12) where the time-scale separation between these modes depends on the parameter µ. Accordingly, the singular perturbation methods given by Tikhonov (1948 Tikhonov ( , 1952 ; Kokotović et al. (1976) ; Saksena et al. (1984) ; Kokotović et al. (1999) ; Kokotović and Khalil (1986); Naidu (2002) ; Naidu and Calise (2001) may be used to analyze the closed-loop system properties.
From (11)- (12), we obtain the fast-motion subsystem (FMS) given by
where x(t) and w(t) are treated as the frozen variables during the transients in (13).
In accordance with the assumption (3), the gain k 0 can be selected such that the condition g(x, w)k 0 > 0 holds for all (x, w) ∈ Ω x,w , then the FMS is stable and, after the rapid decay of transients in (13), we have the steady state (more precisely, quasi-steady state) for the FMS (13), where u(t) = u id (t) and
The control function u id (t) is called a solution of the nonlinear inverse dynamics (ID). Hence, if the steady state of the FMS (13) is reached, then the closed-loop system equations (11)- (12) imply that
is the equation of the slow-motion subsystem (SMS), which is the reference equation of desired output behavior.
So, if a sufficient time-scale separation between the fast and slow modes in the closed-loop system and exponential convergence of FMS transients to equilibrium are provided, then after the damping of fast transients the output behavior prescribed by (15) is fulfilled despite that f (x, w) and g(x, w) are unknown complex functions of x(t) and w(t). Thus, the output transient performance indices are insensitive to parameter variations of the nonlinear system and external disturbances, by that the solution of the discussed control problem (5) is maintained.
Selection of PI Controller Parameters:
The parameter T of the discussed control law (6) is selected in accordance with the desired settling time of output transients. Take the gain k 0 ≈ g −1 (x, w). Then, in accordance with (13), the FMS characteristic polynomial is given by µs + 1. The time constant µ is selected as µ = T /η where η is treated as the degree of time-scale separation between the fast and slow modes in the closed-loop system, for example, η ≥ 10.
Nonlinear System with PID Controller Plant Model and Reference Equation:
Consider a nonlinear system of the 2-nd order given bÿ
where x is the measurable output of the system (16), anḋ x is the unmeasurable variable of the state X = [x,ẋ] T . Assume that the inequalities
|f (X, w)| ≤ f max < ∞ (18) are satisfied for all (X, w) ∈ Ω X,w , where f (X, w), g(X, w) are unknown continuous bounded functions of X(t), w(t) on the bounded set Ω X,w .
The control objective is given by (5), where the desired settling time and overshoot have to be provided for x(t) regardless the presence of the external disturbances and varying parameters w(t) of the system (16).
Consider the reference equation of the desired behavior for (16) in the form of the 2nd order stable differential equation given by
Let us rewrite (19) in the form x = F (X, R), where R = [r,ṙ] T and the parameters T , a are selected in accordance with the desired system type, settling time, and overshoot for x(t).
PID Type Controller:
Consider the control law in the form 
The discussed control law (21) can also be expressed in the Laplace domain as follows:
which corresponds to the PID type controller and (22) is implemented without an ideal differentiation of x(t) or r(t) due to the presence of the term k 0 /[µ(µs
Two-time-scale Motion Analysis: Consider the closedloop system equations (16), and (20), that arë
(24) Substitution of (23) into (24) yields
Denote u 1 = u and u 2 = µu. Hence, the system (25)- (26) can be represented as a standard singular perturbation system, that iṡ
. From the above system, the fast-motion subsystem (FMS) equation
follows, where X(t) and w(t) are frozen variables during the transients in (27).
By selection of µ, d 1 , and k 0 , we can provide the FMS stability as well as the desired degree of time-scale separation between fast and slow modes in the closed-loop system. Then, after the rapid decay of transients in (27) (or, by taking µ = 0 in (27)), we obtain the steady state (more precisely, quasi-steady state) for the FMS (27). Hence, from (25)- (26), we get the slow-motion subsystem (SMS) equation, which is the same as (19) in spite of unknown external disturbances and varying parameters of (16) and by that the desired behavior of x(t) is provided.
Selection of Controller Parameters:
The parameter T of the controller (21) is selected in accordance with the desired settling time of output transients. The parameter a (19) is a system of type 2. Take the gain k 0 ≈ g −1 (X, w), and parameter d 1 = 2. Then, in accordance with (27), the FMS characteristic polynomial is given by (µs + 1)
2 . The time constant µ is selected as µ = T /η where η is the desired degree of time-scale separation between the fast and slow modes in the closed-loop system, for example, η ≥ 10.
Implementation of Controller:
The discussed control law (21) can be rewritten in the state-space form given bẏ
Discrete-time PI Controller
Control Problem and Reference Equation: Let us consider the backward difference approximation of the nonlinear system (2) preceded by a zero-order hold (ZOH) with the sampling period T s , that is (29) where x k , w k , and u k represent samples of x(t), w(t), and u(t) at t = kT s , respectively. The objective is to design a control system having lim k→∞ e k = 0.
Here e k := r k − x k is the error of the reference input realization, r k being the samples of the reference input r(t), where the control transients e k → 0 should meet the desired performance specifications given by (15).
By a Z-transform of (15) preceded by a ZOH, the desired pulse transfer function
follows. Hence, from (31), the reference equation
results, where
and, for short, equation (32) can be rewritten as
where we have r k = x k at the equilibrium of (33) for r k = const, ∀ k.
Discrete-time Counterpart of PI Controller: Let us consider the discrete-time counterpart of the conventional continuous-time PI controller given by (6), that is Two-time-scale Motion Analysis:
Denote, for short, f k−1 = f (x k−1 , w k−1 ) and g k−1 = g(x k−1 , w k−1 ) in the expression (29). Hence, the closed-loop system equations have the following form:
Substitution of (35) into (36) yields
The sampling period T s can be treated as a small parameter, then the closed-loop system equations (37)-(38) have the standard singular perturbation form, where stability and rate of the transients of u k in (37)-(38) depend on the controller parameterλ. Note that x k − x k−1 → 0 as T s → 0. Hence, we have a slow rate of the transients of x k as T s → 0. Thus, if T s is sufficiently small, the two-timescale transients are artificially induced in the closed-loop system (37)- (38), where the FMS is governed by
) and x k = x k−1 , i.e., x k = const (hence, x k is the frozen variable) during the transients in the FMS (39). Letting g = g k ∀ k, from (39), the FMS characteristic polynomial z − 1 +λg (40) results, where its root lies inside the unit disk (hence, the FMS is stable) if 0 <λ < 2/g. To ensure stability and fastest transient processes of u k , let us take the controller parameterλ = 1/g, then the root of (40) is placed at the origin. Hence, the dead beat response of the FMS (39) is provided. Damping of the FMS transients (39) reveals its steady state (quasi-steady state), i.e., u k − u k−1 = 0.
(41) Then, from (39) and (41), we get u k = u id k , where
Substitution of (41) and (42) into (37) yields the SMS of (37)-(38), which is the same as the reference equation (32) in spite of unknown external disturbances and varying parameters of (29) and by that the desired behavior of x k and control objective (30) are provided.
Similar to above treatment, the discrete-time counterpart of PID type controller (21) can be considered.
Example: Consider the nonlinear systeṁ x = e −|x/2| x + (5 − 4e −|x| )u
where 1 ≤ 5 − 4e −|x| < 5. Let the system (43) is preceded by a zero-order hold (ZOH) with the sampling period T s . The controller is defined by (34), where T = 1 s,T s = 0.1 s. Takeλ = 1/3, then the inequalities −2/3 < z F M S ≤ 2/3 hold, where z F M S is the root of the FMS characteristic polynomial given by (40). The simulation results of the closed-loop system given by (43) and (34) are shown in Fig. 1 . The simulation results confirm the presented above analytical investigations. Fig. 1 . Plots of r(t), x(t) and u(t) in the system (43),(34).
CONCLUSION
The main advantage of the two-time-scale technique for closed-loop system analysis, is that analytical expressions for parameters of PI or PID, as well as controllers with additional lowpass filtering for nonlinear systems can be found where controller parameters depend explicitly on the specifications of the desired output behavior. The presented results can be used as a part of advanced control topics devoted to PI/PID controller design.
